We consider the stationary metrics that have both the black hole and the ergoregion. The class of such metric contains, in particular, the Kerr metric. We study the Cauchy problem with highly oscillatory initial data supported in a neighborhood inside the ergoregion with some initial energy E 0 . We prove that when the time variable x 0 increases this solution splits into two parts: one with the negative energy −E 1 ending at the event horizon in a finite time, and the second part, with the energy E 2 = E 0 + E 1 > E 0 , escaping, under some conditions, to the infinity when x 0 → +∞. Thus we get the superradiance phenomenon. In the case of the Kerr metric the superradiance phenomenon is "short-lived", since both the solutions with positive and negative energies cross the outer event horizon in a finite time (modulo O( 1 k )) where k is a large parameter. We show that these solutions end on the singularity ring in a finite time. We study also the case of naked singularity.
Introduction.
Consider the Lorentzian metric in R 3 × R of the form
where K(x) > 0, j (x) = 1. The ergoregion for this metric is the region where K > 1. Let (ρ, ϕ, z) be the cylindrical coordinates in R 3 , i.e. x 1 = ρ cos ϕ, x 2 = ρ sin ϕ, x 3 = z, let x 0 be the time variable.
Write the inverse to the metric tensor in the cylindrical coordinates. Then the Hamiltonian H(ρ, ϕ, z, ξ 0 , ξ ρ , ρ ϕ , ξ z ) has the form A particular case of the metric (1.1) is the Kerr metric in Kerr-Schield coordinates (cf. [14] , [15] ):
(1.4) K = 2mr Note that the ergosphere (outer ergosphere) for the Kerr metric is K = 2mr 3 r 4 + a 2 z 2 = 1, and the event horizons (outer and inner event horizons) are (1.6) r ± = m ± √ m 2 − a 2 , 0 < a < m.
Substituting r = r ± in (1.5) we see that the equation of the event horizon is an ellipse in (ρ, z) coordinates. Note that we do not consider the full Kerr spacetime but only a part restricted to R 3 × R (cf. [6] , [15] ). Another example of the metric of the form (1.1) is the Gordon's metric (cf. [8] , [9] ) describing the propagation of light in a moving dielectric medium:
(1.7) dx , 1 ≤ j ≤ 3,
w(x) = (w 1 , w 2 , w 3 ) is the velocity of the flow, c is the speed of light in the vacuum.
In this paper we shall pay a special attention to the acoustic metric describing the acoustic waves in a moving fluid flow (cf. [13] ). Assuming, for the simplicity of notation, that the speed of the sound and the density are equal to 1, we have the following Hamiltonian in the polar coordinates (ρ, ϕ) is the angular component of v. This paper studies the phenomenon of superradiance for the spacetimes having a black hole and ergosphere. The region between the ergosphere and the event horizon is called the ergoregion. We briefly describe the main contributions to the superradiance phenomenon.
On the level of particles this phenomenon was discovered by R. Penrose [11] .
He proposed the following thought experiment: Suppose a particle with an energy ε 0 enters the ergoregion and somehow splits into two particles with energies ε 1 and ε 2 . By the conservation of energy ε 0 = ε 1 + ε 2 . It may happen inside the ergoregion that ε 2 < 0. The particle with the negative energy enters the black hole at some time and the particle with positive energy travels to the infinity. Since ε 2 < 0 we have that ε 1 = ε 0 − ε 2 > ε 0 , i.e. the particle leaving the ergoregion has an energy larger than ε 0 .
This phenomenon is called the extraction of energy from the black hole.
On the level of the waves, i.e. solutions of the wave equation, Ya. Zeldovich [16] and his then student A. Starobinsky [12] considered the radial component of a single mode of the wave equation after the separation of variables. For this radial component they studied the scattering on the real line and found that the outgoing energy flux may be larger than the incoming energy flux. This is the superradiance on the level of modes. Finster, Kamran, Smoller and Yau [7] gave a far reaching generalization of the result of [12] to the level of wave packets. They constructed a solution of the Cauchy problem for the wave equation with the initial data far from the ergosphere such that the restriction of the energy to the complement of a neighborhood of the black hole has the limit when x 0 → +∞ larger than the energy of the initial data. Recently, Dafermas, Rodnianski and Shlyapentoch [2] undertook a comprehensive study of the time-dependent scattering theory in the case of the Kerr metric. As a by-product of this theory they obtained the superradiance phenomenon. A comprehensive survey of the results on the superradiance is given in a recent book by Brito, Cardoso and Pani [1] .
Our approach to the superradiance phenomenon is in the spirit of the Penrose approach.
In §2 we consider the Cauchy problem for the wave equation with highly oscillatory initial data containing a large parameter k and supported in a small neighborhood U 0 of some point P 0 in the ergoregion. The highly oscillatory initial data allow to construct a geometric optics type solution u(x 0 , x) of the Cauchy problem concentrated in a neighborhood of two null-geodesics γ + and γ − starting at the point P 0 . In §3 we get that the energy integral
) modulo lower order terms in k, where u + 0 and u − 0 are supported in a neighborhood of γ + and γ − , respectively. When the neighborhood U 0 is contained in the ergoregion we can arrange the initial data in U 0 such that E x 0 (u − 0 ) < 0 and therefore E(u + 0 ) > E 0 (u) for large k, i.e. the superradiance takes place. Note that the results of §2 and §3 can be applied to a general wave equation (2.7) corresponding to a general Lorentzian metric having an ergorigion. In §4 we study the acoustic metric with the angular velocity much larger than the radial velocity (see (1.9)). We prove that u + 0 escapes to the infinity when x 0 → +∞ and u − 0 crosses the event horizon in a finite time. In §5 we study the acoustic metric when the angular component of the velocity flow is less than the radial component, i.e. |B| < |A|. In this case both u + 0 and u − 0 cross the event horizon in a finite time.
In §6 we consider the case of a white hole, i.e. A > 0. Note that the reversal of the time x 0 to −x 0 transforms the black hole into a white hole. Therefore, if we consider the Cauchy problem with the same initial data on (−∞, 0] instead of [0, +∞) we get that u + 0 tends to infinity when x 0 → −∞ and u − 0 approaches the event horizon when x 0 → −∞. In §7 we consider the case of the Kerr metric assuming that the initial point P 0 and the two null-geodesics γ + and γ − lie in the equatorial plane. This case is similar to the acoustic case when |B| < |A|. As in §5 we get that the superradiance phenomenon is "short-lived" since u + 0 and u − 0 disappear inside the black hole after a finite time.
In §8 we study the behaviour of u Finally, in §9 we study the Kerr metric when a 2 = m 2 (the extremal case) and when a 2 > m 2 (the case of naked singularity). We show that the behavior of u + 0 and u − 0 does not change significantly even when there is no black hole.
Geometric optics type solutions of the Cauchy problem
Consider the system of null-bicharacteristics for the Hamiltonian (1.2):
Note that ∂H ∂x 0 = 0 since the metric is stationary.
The bicharacteristic (2.1) is called the null-bicharacteristic if for any s ∈ R
along the bicharacteristic. Since the metric is stationary, to have (2.2) for all s it is enough to have
It has two distinct real roots ξ
, where
We shall call the null-bicharacteristics corresponding to ξ ± 0 = λ ± the "plus" ("minus") null-bicharacteristics, respectively. The projection of null-bicharacteristic on (ρ, ϕ, z)-space is called null-geodesic.
Consider the wave equation corresponding to the metric (1.1):
j,k=0 is the inverse to the metric tensor in (1.1),
j,k=0 ) −1 . We shall construct geometric optic type solutions with initial value supported in U 0 where U 0 is a small neighborhood of some point P 0 in the ergoregion. Such geometric optics solutions are well-known and can be found in many references (see, for example, the book [3] , §64).
Let χ 0 (ρ, ϕ, z) be a C ∞ 0 function with the support in U 0 and y 0 = (ρ 0 , ϕ 0 , z 0 ) be the coordinates of P 0 . Let y ′ = (ρ ′ , ϕ ′ , z ′ ) be any point in U 0 , and let η = (η ρ , η ϕ , η z ).
Denote by
+ (x 0 , y, t) is a "plus" null-geodesics and x = x − (x 0 , y, η) is the "minus" null-geodesics.
Suppose that the Jacobian
Then by the inverse function theorem y = y ± (x 0 , x, η) and y ± (0, x, η) = x. The points where 
where 
where
It follows from (2.13) that the support of a ± 0 in (x 0 , ρ, ϕ, z) space is contained in the union W ± of all "plus" ("minus") null-geodesics starting on the support of χ 0 (ρ, ϕ, z). Therefore supp u ± 0 ⊂ W ± and supp u ± is contained in
Remark 2.1.
We will need to consider also the case when either
when the focal points are present. There is a generalization of geometric optics construction (2.11) belonging to Maslov (cf [10] , see also [3] , §66), that allows to construct solutions u ± depending on a large parameter k, solving initial value problem (2.14), (2.15) for the equation (2.7) on arbitrary large interval [0, T ]. In the neighborhood of the focal point u
where u ± 0 has a more complicate form than (2.11) (see [10] and [3] , §66 for details). However outside of the neighborhoods of focal points u ± 0 can again be represented in a form (2.11 
Then u is an exact solution of (2.7) satisfying the initial conditions (2.17)
Conservation of energy integrals
If u(x 0 , x) is the solution of (2.7) with some initial conditions and u(x 0 , x) has a compact support in x then (3.1)
To show this take the derivative of the right hand side of (3.1) in x 0 . Using that u(x 0 , x) satisfies (2.7) and integrating by parts we get that
In particular, E x 0 (u ± ) = E 0 (u ± ). Using the initial conditions (2.14), (2.15) we get
Note that when
Theorem 3.1. Let the metric 3 j,k=0 g jk (x)dx j dx k has a nonempty ergoregion Ω, i.e. the domain where g 00 (x) < 0. Let P 0 ∈ Ω, y 0 = (ρ 0 , ϕ 0 , z 0 ) be the coordinates of P 0 , and U 0 is a small neighborhood of P 0 containing in Ω.
One always can find
Then, assuming that U 0 is small, we have
and
where u = u + + u − . Thus the superradiance takes place.
Proof: It follows from (2.12) that
Substituting (3.4) into (3.2) we get
It follows from (3.3), analogously to (2.5), (2.6) , that
Note that in the case of metric (1.1) ∆ 1 has the form (2.6) and g 00 = 1 + K. Therefore considering, for definiteness, the case of metric (1.1) we have
. It follows from (2.17), (2.18) and (3.1) that (cf. (2.4)) (3.10)
we have
From the other side,
we are getting that
and thus for any x 0 (3.14) 
Thus λ + (y 0 ,η 0 ) and λ − (y 0 ,η 0 ) have the same sign.
Without loss of generality we can assume that λ + (y 0 ,η 0 ) > λ − (y 0 ,η 0 ) > 0. Otherwise we replaceη 0 by −η 0 and use that λ
Since
is the union of all null-geodesics starting at (y, η) where y ∈ supp χ 0 . Therefore, for any x 0 one can find k so large that
We took into account (3.15) and that
. Therefore (3.16) show that the superradiance takes place. Note that the "minus" null-geodesics can not leave the ergoregion since ξ
It will be shown that when x 0 > T 1 u − 0 is inside the event horizon. Therefore, outside the event horizon 
Moreover, (2.14), (2.15) imply
Since (3.1) holds for real-valued solutions too and since (3.1) is independent of x 0 , we have, as in (3.2):
Therefore, as in (3.8), (3.9), we get
cos 2k(ρη ρ +ϕη ϕ +zη z ) and since integrals containing cos 2k(ρη ρ + ϕη ϕ + zη z ) are decaying fast when k → ∞ we have, as in (3.14), (3.15), (3.16) , that
when k is large. Thus superradiance holds also for real-valued solutions. Note that
Superradiance in the case of the acoustic metric
Consider in more details the case of the acoustic metric (1.8) (cf. [13] , [4] , [5] ). The equation H = 0 (cf. (1.8)) has two roots
The black hole is {ρ < |A|, A < 0}, and the ergoregion is {|A| < ρ < √ A 2 + B 2 }. We assume, for definiteness, B > 0. We shall find first simple expressions for the differential equations for the "plus" and "minus" null-geodesics. Note that
It follows from (2.1) that in the acoustic case
Since H = 0, the following quadratic equation for ξ p holds:
Substituting (4.5) in the numerator of (4.3) we get
In this section we consider the case when the angular velocity is much larger than the radial velocity, i.e. B ≫ |A|. The following theorem holds:
the same as in (2.11), (2.12) satisfying the initial conditions (2.14), (2.15).
Then the superradiance takes place, i.e. Proof: Find first the sign of
If (4.9) holds then ξ − 0 > 0 and therefore the superradiance will take place. Also
. Therefore (4.12) dρ 
Solving the quadratic equation in
Since B is large (cf. (4.10), ξ ϕ = η ϕ < 0 and ξ ± 0 has the form (4.14), we have
where · · · means nonsignificant terms. Therefore
Substituting in (4.15) and taking into the account that B ≫ |A| we obtain
. It follows from (4.18) that ∆ + 2 = 0 has turning points ρ 
Note that
and ρ − (x 0 ) crosses the event horizon when x 0 increases. Let
be the solutions (2.10), (2.11) in the case of the acoustic metric and let E x 0 (u ± ) be the corresponding energy integrals (cf. Consider the acoustic metric (1.8) when A = 0. We assume as above B > 0, η ϕ < 0. The equation of the ergosphere is ρ = B and there is no event horizon, i.e. ρ = 0 is a "naked" singularity.
We choose the initial point ρ 0 such that ξ
It follows from (4.23) that ρ 0 < B, i.e ρ 0 belongs to the ergoregion. We choose η ρ < 0 small and η ρ satisfies (4.21) and choose η ϕ such that
We shall show that the superradiance takes place when A = 0 despite the absence of the black hole. 
As in (4.5), (4.6), (4.8), we have
The turning points, i.e. the solutions of ∆ 
It follows from (4.26) that ∆
− (x 0 ) reaches 0 in a finite time when x 0 increases. Note that
Hence ϕ → ∞ when ρ → 0. Therefore γ − approaches ρ = 0 spiraling when If (η ρ , η ϕ ) are such that
, and η ρ must be positive. 
the same as in Theorem 4.1 with the choice of |A|
The roots of the quadratic equation
. From other side
. Thus ξ + 0 > t 1 and consequently δ < 0. Therefore ∆ + 2 > 0 for all ρ, i.e. ρ + (x 0 ) has no turning points. Consider
Therefore ρ + (x 0 ) decreases until it reaches the event horizon. The solution ρ − (x 0 ) can not leave the ergoregion since λ − < 0 outside of the ergoregion and it always hits the event horizon in finite time. In the all cases of the acoustic metric ρ − (x 0 ) increases from −∞ to some point x Therefore there is a superradiance when B < |A| but it is "short-lived" since both u + 0 and u − 0 disappear inside the black hole after a finite time. 6 The superradiance in the case of white hole
Consider the acoustic metric (1.8) when A > 0. Then ρ = A will be a white hole (cf [13] ). Note that the change in the sign of B has no effect whether there is a black or white hole. From the other side the change of the sign of both A and B is equivalent to the change of the sign of ξ 0 in (1.8), i.e. to the reversal of the time from x 0 to −x 0 . Therefore the study of the superradiance for the case of the white hole is equivalent to the study of the superradiance for the black hole on the time interval (−∞, 0]. 
The case of the Kerr metric
In this section we consider the superradiance for the case of the Kerr metric (1.2), (1.4). Note that b z = z r = 0 when z = 0. Therefore we have from (2.1) that z ≡ 0 implies
and therefore ξ z ≡ 0. Therefore if the initial point P o = (ρ 0 , ϕ 0 , 0) is in the equatorial plane z = 0 and if ξ z = 0 then the bicharacteristic system (2.1) is reduced to the bicharacteristic system for the Hamiltonian
and the null-geodesics lie in the plane z = 0.
As in (2.5), (2.6)
), y 0 = (ρ 0 , ϕ 0 , 0). We will take point y 0 = (ρ 0 , ϕ 0 , 0) in the ergoregion and choose η ′ = (η ρ ,
It follows from (1.4) for z = 0
Note that We shall study first the null-bicharacteristic (2.1) corresponding to the root ξ + 0 = λ + (y 0 , η ′ ), starting at (y 0 , η ′ ). We have
We have (see (2.5)) (7.13)
where ∆ 1 is the same as in (2.6) for z = 0, ξ z = 0. Also we have (7.14)
Write (7.2) as the quadratic equation for ξ ρ : (7.15)
Kb 2 ρ − 1 where
It follows from (7.9), that (7.17) simplifies to
Substituting (7.16) into (7.14) we get
is either increasing or decreasing depending on the sign of ∂H ∂ξρ . It is enough to check the sign of ∂H ∂ξρ at the initial point x 0 = 0. Having η ρ , η ϕ as in (7.5) we get
It follows from (7.21)
< 0 for all x 0 and ρ = ρ + (x 0 ) will decay when x 0 increases and will approach the outer event horizon.
Consider now the "minus" null-geodesics starting at (y 0 , η ′ ). We have as
where ∆ − 2 is the same as ∆ . To determine the sign of
Therefore ρ − (x 0 ) also approaches the event horizon when x 0 increases. Consider the behavior of ρ + (x 0 ) and ρ − (x 0 ) when they approach the outer event horizon r = r + where r = ρ 2 − a 2 , r ± = m ± √ m 2 − a 2 . Note that
2 when r → r + .
Note that (7.16) can be rewritten in the form H ξρ = ±2 √ ∆ 2 . Since H ξρ < 0 for ρ + (x 0 ) at x 0 = 0 (cf. (7.21)) we take − ∆ + 2 in (7.16). Therefore when ρ →ρ + = a 2 + r 2 + we have canceling of √ Kb ρ − 1:
Therefore ξ + ρ has a finite nonzero limit when r → r + and therefore dρ + dx 0 has nonzero limit when r → r + . Hence ρ + (x 0 ) crosses the event horizon when x 0 increases. Also H ρ > 0 for ρ − (x 0 ) at x 0 = 0 (see (7.22) ). Therefore we have + ∆ when r + < r 0 < 2m and
Canceling − √ Kb ρ + 1 we get that ξ − ρ has a finite nonzero limit when r → r + . Therefore as in the case of ρ + (x 0 ) we have that ρ − (x 0 ) crosses the outer event horizon when x 0 increases. Since ρ + (x 0 ) and ρ − (x 0 ) cross the event horizon in a finite time we get that u 
We have 
0 .
When r → r + we get ξ
when r → r + , or ρ →ρ + = r 2 + + a 2 . Therefore
Hence ln |ρ −ρ + | ≤ Cx 0 + C 1 , and
Thus ρ →ρ + when x 0 → −∞. It follows from (7.12) that
Therefore ϕ → ∞ when ρ →ρ + . Thus the null-geodesics γ − approaches the event horizon ρ =ρ + spiraling when
> 0 for all ρ > a and Consider first the case of the "plus" null-geodesics. We have, as in §7: Figure 1 : The case a < m. Null-geodesics γ + starts at P 0 and reaches ρ = a at a finite time x where ∆
Since ∆ + 2 = 0, ∆ + 1 = 0 we get from (8.1) that ρ + (x 0 ) decreases when x 0 increases. After γ + cross the outer event horizon it crosses also the inner event horizon since (7.24) holds near r = r 0 . Then it is approaching the ring singularity (ρ − a) 2 + z 2 = 0 We shall study the behavior of γ + near the ring singularity, i.e. when z = 0, ρ is close to a, ρ > a. It follows from (7.16) that
Thus
Integrating (8.5) from x 0 to t, where x 0 < t, ρ + (t) − a > 0, we get
Increasing t further we get t 0 such that ρ
Note that (cf. (7.12)
where C(ρ) = 0. Hence ϕ(x 0 ) → ϕ 0 when ρ → a. Therefore the "plus" null-geodesics γ + ends at the point (a, ϕ 0 ) of the singularity ring at some time t 0 . Now consider the case of "minus" null-geodesics γ − . It also crosses the inner event horizon when x 0 increases since (7.25) holds. Note that 0 < ξ − 0 = λ − < 1 (cf. (7.9)). We have (cf. (7.17))
Also we have (cf. (7.16)
Hence (cf. (8.2) (8.10)
It follows from (7.22) and (8.8), (8.10 ) that (8.6) , integrating from x 0 to t 1 , t 1 > x 0 , ρ − (t 1 ) − a > 0, we get that there exists t (0) such that ρ − (t (0) ) −a = 0, i.e. γ − also ends on ρ = a. Note that P 0 = (ρ 0 , ϕ 0 , 0) and the null-geodesics γ − , γ + starting at P 0 are lying in the equatorial plane z = 0, but U 0 is a neighborhood of P 0 in (ρ, ϕ, z) space. Therefore the null-geodesics starting on supp χ 0 are lying not only in the equatorial plane and the solutions u ± constructed in §2 are the solutions of the equation (2.7) in the three-dimensional space. Proof: To prove this we shall show that all "plus" and "minus" nullgeodesics starting on supp χ 0 will end on (ρ − a) 2 + z 2 = 0. Thus we need to estimate the behavior of null-geodesics in R 3 starting on supp χ 0 and this is more difficult than the estimates for the null-geodesics lying in the equatorial plane.
We shall start with u + 0 and will describe the behavior of plus null-geodesics γ 
+ is the projecion on (ρ, ϕ, z) of the null-bicharacteristic, with the initial data (ρ
are cloze to (ρ 0 , ϕ 0 , 0) and (η ρ , η ϕ , η z ) are the same as for γ + . Note that z ′ is small but not equal to zero. Suppose, for the definiteness, that z ′ > 0. We have the same formulas as in §7 and §8.1, with the variables z, ξ z added: (8.12) dρ
, where (8.13) ∆
r 4 +a 2 z 2 where r is defined as in (1.5). Also
Near the singularity ring (ρ − a) 2 + z 2 = 0 we have from (1.5)
i.e. r ∼ (|ρ − a| + |z|) 1 2 where α ∼ β means C 1 β ≤ α ≤ C 2 β. Therefore from (1.4) and (8.16) we get
We shall estimate ξ 
Using the identity 2cd = ε 2 c 2 +
Canceling |ξ 
Using (8.21) we have
Using the estimate (8.31) we get
As in (8.6) we conclude from (8.35) that δ(t 0 ) = 0 for some t 0 . Therefore all null-geodesics γ
+ end on the singularity ring (ρ − a) 2 + z 2 = 0. Now we shall study the behavior of null-geodesics γ where
Estimate (8.27 ) takes the form
The estimate of ξ From (8.43) analogously to (8.11) we get that δ = ρ − − a + z − vanish at the singularity ring. Therefore all null-geodesics γ (1) − end on the singularity ring (see Fig. 1 ).
Hence both u 
) Kerr matric
In both cases the construction of the solutions u + and u − remains the same and we only indicate the difference in the behavior of the null-geodesics γ + and γ − .
In the case of extremal metric a 2 = m 2 we have r + = r − = m, i.e the outer and the inner horizons coincide. As in the case a < m ρ + (x 0 ) and ρ − (x 0 ) cross the event horizon when x 0 increases.
Consider the behavior of ρ − (x 0 ) when x 0 decreases. Note that Kb . Thus ρ − (x 0 ) →ρ + when x 0 → −∞. Therefore the difference with nonextremal case a < m is that ρ − (x 0 ) −ρ + decays as O 1 x 0 in the extremal case and ρ − (x 0 ) −ρ + decays exponentially in the nonextremal case.
Consider the case when a 2 > m 2 . Then the outer and the inner event horizons disappear and this case is called the case of naked singularity. Note that the ergoregion is a < ρ < √ 4m 2 + a 2 . Proof: Consider the behavior of ρ − (x 0 ) when x 0 < 0. As in (7.26) we can prove that there exists a turning point ρ * where a < ρ 0 < ρ * < √ 4m 2 + a 2 by showing that ∆ Similarly to (8.11) we have 4 3 (ρ − a) 
0 (see Fig. 2 ).
The behavior of γ + and γ − for x 0 > 0 and γ + for x 0 < 0 is the same as in the case a 2 < m 2 , and the proof is also the same. 
